Introduction {#Sec1}
============

The study of zero-dimensional systems such as quantum dots is invaluable when it comes to fundamental aspects of nanoscale heat flow^[@CR1]--[@CR4]^. Significant interest has been triggered from the following motives: (a) Waste heat harvesting into electrical power^[@CR5]--[@CR9]^, (b) Solid state thermoelectric cooling^[@CR10],[@CR11]^ and (c) Implementation of thermal energy in electronic logic design or *phonon computation*^[@CR12]--[@CR16]^. It is well known that electronic transport through such a quantum dot set up that is coupled to various phonon modes arising from the vibrational degrees of freedom gives rise to some unique features in charge transport^[@CR17]--[@CR19]^. A recent and notable work^[@CR20]^ exploited the nanoscale interaction of charge and vibrational degrees of freedom via the use of electronic gating to selectively couple charge transport with phonon modes. This opens up new possibilities for optimizing thermoelectric performance^[@CR21]^ as well as phonon switching linked to phonon computation.

Traditional solid-state thermoelectric cooling is based on the *electronic* Peltier effect that results from a change in the electronic energy current distribution accompanying electronic charge currents. In this work we show that phonon heat currents may as well be manipulated via electronic means in a dissipative quantum dot thermoelectric setup by what we call as the *phonon Peltier effect*. For this we utilize the interplay of charge and vibrational degrees of freedom in a quantum dot thermoelectric set up described via the *Anderson-Holstein* model.

The most notable consequence of electron-phonon interaction is that the charge transport stimulated by an electrical voltage drives phonon away from equilibrium by modifying the phonon distribution^[@CR22]--[@CR24]^. The dynamics of such a charge induced phonon generation can be explored using the voltage controlled dissipative quantum dot set up described by *Anderson-Holestein* model^[@CR21],[@CR22],[@CR25]--[@CR28]^ considered in Fig. [1(a)](#Fig1){ref-type="fig"}. A finite electron-phonon interaction modifies the phonon distribution and modulates the working temperature of the quantum dot, which can be monitored by a phonon thermometer weakly coupled to it^[@CR21],[@CR29]^. In our earlier work^[@CR21]^, we explored how charge-phonon interplay can influence the power-efficiency trade-off thereby influencing the thermoelectric operation. In this paper, we theoretically demonstrate how a voltage bias rather than a temperature gradient excites a phonon heat current when the same charge-phonon interplay modulates the quasi-equilibrium phonon distribution. In the present paper, we explain the relevant physics that describes the nature of phonon heat flow at different operating points and investigate the role of charge-phonon interplay in this context. We justify the mechanism of *phonon Peltier* effect by establishing an in-built phonon thermal gradient between the dot and the phonon reservoirs by coupling it to a phonon thermometer^[@CR21]^. We then investigate the role of the temperature of the macroscopic phonon reservoirs in controlling the non-equilibrium phonon distribution, and hence the polarity of phonon flow. Based on this we address possible areas of practical interest that can arise out of this effect to propose a charge induced phonon switch.Figure 1(**a**) Device Schematics: The quantum dot is weakly coupled to two electronic leads/contacts *L*, *R* described by their respective chemical potentials and phonon reservoirs *H*, *C* described by their respective temperatures. The corresponding electronic tunneling rate and phonon relaxation rate are $\documentclass[12pt]{minimal}
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                \begin{document}$${\beta }_{H(C)}$$\end{document}$ respectively. Charge and phonon transport are coupled through electron-phonon interaction parameter *λ*, which drives the dot phonons out of equilibrium. The non-equilibrium phonon temperature is estimated using a thermometer bath weakly coupled to the dot. (**b**) The state transition diagram for electron-phonon many body Fock space. Each state is represented by $\documentclass[12pt]{minimal}
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                \begin{document}$$|n,q\rangle $$\end{document}$, where *n* and *q* are the electron and phonon numbers of the state. The black dotted arrows represent direct electron tunneling processes, which do not change the dot phonon count. The red bold and dashed arrows represent phonon assisted tunneling processes which change the dot phonon count by +1 and −1 respectively. The black bold arrows represent reservoir assisted phonon transitions.
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Model Hamiltonian {#Sec3}
-----------------

The set up depicted in Fig. [1(a)](#Fig1){ref-type="fig"} comprises a quantum dot described by the dissipative *Anderson-Holestein* model. Charge and phonon currents are set up by applying a voltage and thermal bias across the metallic electrodes $\documentclass[12pt]{minimal}
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The contact Hamiltonian $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H}_{{\alpha }_{1}}$$\end{document}$ represents a reservoir of non-interacting and spin degenerate electrons in the momentum eigenstate representation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k{\rm{\sigma }}^{\prime} $$\end{document}$ with eigen energies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varepsilon }_{k{\rm{\sigma }}^{\prime} }$$\end{document}$. On the other hand, the reservoir Hamiltonian $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H}_{{\alpha }_{2}}$$\end{document}$ characterizes a bath of independent phonon modes *r* with frequencies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\omega }_{{\alpha }_{2}r}$$\end{document}$. They are given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{H}}_{\alpha 1}=\sum _{{\alpha }_{1}\in L,R}\sum _{k\sigma ^{\prime} }{\varepsilon }_{{\alpha }_{1}k{\rm{\sigma }}^{\prime} }{\hat{c}}_{{\alpha }_{1}k{\rm{\sigma }}^{\prime} }^{\dagger }{\hat{c}}_{{\alpha }_{1}k{\rm{\sigma }}^{\prime} },$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{H}}_{{\alpha }_{2}}=\sum _{{\alpha }_{2}\in H,C}\sum _{r}\hslash {\omega }_{{\alpha }_{2}r}{\hat{B}}_{{\alpha }_{2}r}^{\dagger }{\hat{B}}_{{\alpha }_{2}r}$$\end{document}$$

Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{c}}_{{\alpha }_{1}k{\rm{\sigma }}^{\prime} }^{\dagger }({\hat{c}}_{{\alpha }_{1}k{\rm{\sigma }}^{\prime} })$$\end{document}$ creates (annihilates) an electron with momentum *k* and spin $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\sigma }}^{\prime} \in \uparrow ,\downarrow $$\end{document}$ in the contacts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\alpha }_{1}\in L,R$$\end{document}$. Similarly $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{B}}_{{\alpha }_{2}r}^{\dagger }({\hat{B}}_{{\alpha }_{2}r})$$\end{document}$ creates(annihilates) a phonon mode *r* in the reservoirs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\alpha }_{2}\in H,C$$\end{document}$ of energies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hslash {\omega }_{{\alpha }_{2}r}$$\end{document}$. Electronic tunneling processes between the dot and the contacts and the phonon relaxation processes from the dot to the reservoirs are described by the Hamiltonian $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{H}}_{T}$$\end{document}$, which is defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{H}}_{T}=\sum _{k{\rm{\sigma }}^{\prime} ,{\rm{\sigma }}}[{\tau }_{{\alpha }_{1}}^{el}{\hat{c}}_{{\alpha }_{1}k{\rm{\sigma }}^{\prime} }^{\dagger }{\hat{d}}_{{\rm{\sigma }}}+H\mathrm{.}c\mathrm{.]}+\sum _{\nu ,{\alpha }_{2}r}{\tau }_{{\alpha }_{2}}^{ph}({\hat{B}}_{{\alpha }_{2}r}^{\dagger }+{\hat{B}}_{{\alpha }_{2}r})({\hat{b}}_{{\rm{\nu }}}^{\dagger }+{\hat{b}}_{{\rm{\nu }}}),$$\end{document}$$where the spin independent coupling energy between the dot and the contact electrons is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tau }_{{\alpha }_{1}}^{el}$$\end{document}$ and the mode independent coupling energy between the dot and the reservoir phonons is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tau }_{{\alpha }_{2}}^{ph}$$\end{document}$.

The diagonalization of the dot Hamiltonian is carried out through the standard polaron transformation which leads to the renormalization of the on-site energy ($\documentclass[12pt]{minimal}
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We first describe physical implications imposed by our setup which leads to the current formulation of the transport equations. First, we use the approximation $\documentclass[12pt]{minimal}
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Inter-coupled electron and phonon transport {#Sec5}
-------------------------------------------
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Results {#Sec6}
=======

Voltage stimulated phonon heat current {#Sec7}
--------------------------------------
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An important point to be noted is that the variation of $\documentclass[12pt]{minimal}
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Phonon Peltier effect {#Sec8}
---------------------
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Charge controlled phonon distribution {#Sec9}
-------------------------------------

So far we noticed that charge transport manipulates the non-equilibrium ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \ne 0$$\end{document}$) phonon distribution. However, it is evident from ([14](#Equ14){ref-type=""}), that the phonon distribution finds a strong dependence on the temperature of reservoirs and hence we test the phonon distribution in three cases: (i) Case H: where, the temperature of the reservoirs is greater than the temperature of electrodes ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${T}_{B}={T}_{BH} > T$$\end{document}$), (ii) Case E: where, the temperature of the reservoirs is equal to the temperature of electrodes ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${T}_{B}={T}_{BE}=T$$\end{document}$) and (iii) Case C: where, the temperature of the reservoirs is less than the temperature of electrodes ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${T}_{B}={T}_{BC} < T$$\end{document}$). The inset of Fig. [4(b)](#Fig4){ref-type="fig"} shows that in Case H, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${N}_{ph}^{eq}=[exp(\frac{\hslash \omega }{{k}_{B}{T}_{BH}})-{\mathrm{1]}}^{-1}$$\end{document}$ is greater than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle {N}_{ph}\rangle $$\end{document}$ at short-circuit point ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${V}_{SC}=0$$\end{document}$). When voltage increases, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle {N}_{ph}\rangle $$\end{document}$ shoots up and overcomes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${N}_{ph}^{eq}$$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{V}_{0}|$$\end{document}$. Figure [4(b)](#Fig4){ref-type="fig"} notes that at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V=|{V}_{0}|$$\end{document}$, the dot phonon distribution equals the equilibrium phonon distribution. In the Case E, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle {N}_{ph}\rangle $$\end{document}$ equals with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${N}_{ph}^{eq}=[exp(\frac{\hslash \omega }{{k}_{B}{T}_{BE}})-{\mathrm{1]}}^{-1}$$\end{document}$ at the short-circuit point ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${V}_{SC}=0$$\end{document}$) but in Case C, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle {N}_{ph}\rangle $$\end{document}$ is always larger than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${N}_{ph}^{eq}=[exp(\frac{\hslash \omega }{{k}_{B}{T}_{BC}})-{\mathrm{1]}}^{-1}$$\end{document}$ for all voltages. These aspects are pictorially shown in the insets of Fig. [4(c) and (d)](#Fig4){ref-type="fig"} respectively. Consequently, in Case E, the phonon distribution equals the equilibrium distribution at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V={V}_{SC}$$\end{document}$ as noticed in Fig. [4(c)](#Fig4){ref-type="fig"}. On the other hand, Fig. [4(d)](#Fig4){ref-type="fig"} shows that the dot phonons remain in a state of non-equilibrium for all voltages in Case C.Figure 4Manipulation of phonon equilibrium distribution by electron flow. (**a**) We consider three cases: (i) **Case H**: Reservoir temperature $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${T}_{B}={T}_{BH}$$\end{document}$ greater than the electrode temperature *T*, (ii) **Case E**: Reservoir temperature *T*~*B*~ = *T*~*BE*~ equal to the electrode temperature *T* and (iii) **Case C**: Reservoir temperature $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${T}_{B}={T}_{BC}$$\end{document}$ less than the electrode temperature *T*. (**b**,**c** and **d**) show the voltage dependence of the phonon probability distribution under non-equilibrium ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \ne 0$$\end{document}$) and equilibrium ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =0$$\end{document}$) conditions for Cases H, E, and C respectively. Insets present the respective deviations of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle {N}_{ph}\rangle $$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle {N}_{ph}^{eq}\rangle $$\end{document}$. (**e**,**f** and **g**) depict the voltage dependence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${I}_{Q}^{ph}$$\end{document}$ under non-equilibrium ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \ne 0$$\end{document}$) and equilibrium ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =0$$\end{document}$) conditions for Cases H, E, C respectively. Each profile of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${I}_{Q}^{ph}$$\end{document}$ is consistent with the temperature gradient between the dot and reservoir as shown in the insets of (**e**,**f** and **g**). The polarity reversal of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${I}_{Q}^{ph}$$\end{document}$ is noticed at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pm {V}_{0}$$\end{document}$ and it is schematically presented in (**h**). For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V > |{V}_{0}|$$\end{document}$, the dot dumps heat into the hotter reservoirs.
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Charge induced phonon switching {#Sec10}
-------------------------------

We note that if one wishes to switch phonon currents, voltage is not a suitable control parameter because $\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{Q}^{ph}$$\end{document}$ levels off and the switch remains ON. At large *λ* all the processes fall sharply, and the switch is turned OFF. Recently, a pioneering demonstrated^[@CR20]^ that *λ* can be turned ON and OFF in a small bandgap suspended carbon nanotube quantum dot by controlling the location of quantum dot along the tube by applying voltage through a series of gates. In addition to that, specific electronic and phonon modes can be coupled in real space. Theoretically this kind of selective coupling leads to the tuning of $\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{Q}^{ph}$$\end{document}$ with *λ* at fixed voltage. The profile gives an idea of the phonon switch with different operating regions. Region 1 and 2 are the operating regions when the switch is turned on and off respectively. The ON region is when the switch remains on. (**b**) Variations of different phonon generation processes with *λ* that control the switch operation. The inset plot shows how more number of phonon side-bands broaden the ON region and aid efficient switching.

Phonon computation is an emerging area that aims to convert waste heat (phonon currents in our case) to electrical signals which can be re-implemented in logic design. A major challenge in that course is to modulate the phonon current by electrical means. Our proposal for phonon switching can accomplish such a goal. This switching can be used to design thermal pulse generators and thermal multi-vibrators. For efficient switching, the 'ON' region should be more broadened, and that can be achieved by increasing the number of phonon sidebands in the voltage window as shown in the inset of Fig. [5(b)](#Fig5){ref-type="fig"}. The incrementation of sidebands is feasible by reducing the frequency of phonon mode.

Discussion {#Sec11}
==========

The non-linear transport regime in a quantum dot heat engine described by *Anderson-Holstein* model was investigated in detail. It was shown that a finite electron-phonon interaction leads to a charge induced phonon generation that stimulates a phonon current even in the absence of a thermal gradient. This gave rise to the non-linear phonon Peltier effect which increases with the electron-phonon interaction. Utilizing the manipulation of phonon distribution via charge induced phonon accumulation, we demonstrated that the polarity of the phonon heat current can be reversed so that setup can dump heat into hotter reservoirs. In further exploring possibilities that can arise from this effect, we proposed a charge-induced phonon switching mechanism as a building block for phonon computation.

Methods {#Sec12}
=======

In this work, the evaluation of the probability $\documentclass[12pt]{minimal}
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